A national voting population, when segmented into groups like, for example, different states, can yield a counter-intuitive scenario where the winner may not necessarily get the most number of total votes. A recent example is the 2016 presidential election in the US. We model the situation by using interacting opinion dynamics models and look at the effect of coarse graining near the critical points where the spatial fluctuations are high. We establish that the sole effect of coarse graining, which mimics the 'winner takes all' electoral college system in the US, can give rise to finite probabilities of such events of minority candidate winning even in the large size limit near the critical point. The overall probabilities of victory of the minority candidate can be predicted from the models which indicates that one may expect more instances of minority candidate winning in the future.
I. INTRODUCTION
The 2016 presidential election in the US is one of the rare cases where the winner did not get the most number of total votes. This follows from the 'winner takes all' rule placed at individual states (with some exceptions) and the relatively low margin of difference in votes between the major candidates. In the past, there have been substantial progress in the efforts to develop mathematical models of opinion dynamics within an interacting society (see e.g., [1] [2] [3] [4] [5] [6] [7] ) with analysis of relevant data (see e.g., [8, 9] ). The formulation, sustenance or change of the individual opinions construct an example of a complex system, where the emergent behavior is qualitatively different from the individual ones. The focus has been, among others, to develop a scenario of phase transition to a global consensus that determines the favorite among two or more choices, for example, the winner of an election. However, in the large system size limit, a state of consensus excludes the above mentioned possibility of the victory of a global minority candidate even for a partitioned population. Nevertheless, such event is not unique in the 2016 election, but has happened 4 times (1876, 1888, 2000, 2016) [10, 11] in 49 elections and twice in the past 16 years. It is therefore important to analyze the probability of such events and its dependence on various parameters, particularly in view of its growing occurrence and relative unpredictability.
The US presidential election system resembles a step of coarse graining mechanism [12] . Every state has a fixed number of electoral college votes all of whom are generally assigned to the candidate winning most votes in that state. The events of a candidate winning the electoral college but not the popular vote can therefore arise when a spatial correlation drives strong fluctuations in winning * soumyajyoti.biswas@ds.mpg.de † psphy@caluniv.ac.in
FIG. 1. The snapshot of the spatial organizations of the opinion values in an
Ising model before (left) and after (right) the coarse-graining. Although the more spins are up (orange or light-grey, 22382) than down (blue or dark-grey, 21718) in the original system, due to the strong spatial correlations, in the coarse grained system the down spins forms the majority . The coarse graining boxes are also shown, but they do not affect the interactions between, say, agents on the boundary of one box with that in a neighboring one.
margins in different states. In this paper, we wish to investigate the sole effect of coarse graining in interactive opinion models. They mimic the US election process particularly near the critical point where no opinion has a dominant majority and the fluctuations are high. Coarse graining near the critical point can lead to reversal of sign of the majority before and after the step (see Fig.  1 ). The aim is to arrive at a universal characterization of the probability of a minority candidate winning and its finite size scalings. Finally, we compare the predictions from the model with the real instances of minority winning situations. Previous works along this line include random partitioning of population and conversion of the opinions of all agents to that of the majority [13] [14] [15] [16] , leading to an initial minority to win, which is a different case from this study. Here we do not convert the opinion values but look for just the effect of coarse graining. A few other attempts had also been made prior to the 2016 election, The linear tendency for the relatively higher margin wins is expected from the models and is explained in the text later on.
to obtain the probability of a minority win in a large number of elections [17] [18] [19] , mean majority deficit with equipopulous units (states) [20, 21] , and also the effect of prejudice among likely voters [22] .
The following general scheme for studying the minority winning probability is used here: Let ∆ be the difference between the votes received by the two highest ranked candidates while N v is the total number of voters who voted for those two candidates (this is, in general, different from the total number of eligible voters N , a large fraction of which do not vote or vote for other parties). One can estimate the probability w(∆) for the victory of the candidate with less number of popular votes (minority) has won, for specific values of ∆. In the models showing a second order phase transition, above the critical point ∆ fluctuates about zero and its distribution is obviously Gaussian. i.e., P (∆) ∝ exp(−a∆ 2 /N v ). The total minority winning probability is w tot = w(∆)P (∆)d∆ which is dependent on the system's parameters, specifically on the noise driving the system. Since ∆ and N v values are known in the real situations, it makes sense to estimate the probability w(∆) to make direct comparisons between the simulations and real data.
In the case of real data, we show he behavior of ∆ vs N v in Fig. 2 . In the total eligible population of voters, a significant fraction do not vote and also a fraction vote for other parties, which is crucial in estimation the probability w(∆), as we will discuss later.
II. MODELS
One needs to quantify the opinions of the people in an agent based model and also their interactions. A large number of opinion dynamics models resembling spin systems exist in literature in which the opinions are assumed to take discrete values. The interactions among the agents are usually chosen to favor the tendency to align while temperature and/or noise or unfavorable interactions tend to destroy such a global alignment or dominant order. Below a critical value of the strength of disorder, there is a global order with one opinion dominating and above it opinions are fragmented. Being a critical transition, however, it will ensure the existence of large clusters of correlated opinion values near the critical point.
We begin by simply assigning values ±1 randomly to the agents with equal probability. This is just to check the sole effect of coarse-graining in the system. Of course, a more realistic approach is to have interactions among agents. We consider two interacting models: (i) we start by considering the simplest interacting model with Z 2 symmetry, i.e. the Ising model. The Ising model was used in the past to model two competing opinions, as is the case here. It has a critical point which is exactly known and we will study the effect of coarse graining near the critical point. (ii) Finally, we consider a model more suited to model opinion formation in presence of neutral voters. For this we use the kinetic exchange model (KEM) [23] where alongside the two major opinion groups (±1), there is also a neutral group (0) that accounts for third party voting or non-participation.
In the cases where we do not have non-participation or third party voters in the model (e.g. random assignments, Ising model), the total number of voters and the number of voters for the two major parties are the same, i.e. N v = N there. In the other cases (e.g., KEM and also the real data) N v < N .
III. RESULTS

A. Random assignment
As mentioned above, to capture the effect of coarse graining only, we begin by just randomly assigning opinion values (±1) on the N v (= N ) agents. They are then divided into M = 50 groups and the winner in each group is assumed to have the backing of the entire group. We then calculate the probability w, i.e. the cases where the candidate winning over most number of blocks is not the candidate having more individual votes, as a function of ∆, which we can now fix by hand. For different system sizes, the scaling w ∼ f (∆/N scaled curve shows that the predicted minority win probability is practically zero. This result is not surprising as opinions are not in general random or uncorrelated and clearly one needs to consider models where the agents have some kind of interaction.
B. Models with interactions
Ising model
Although primarily studied as a model showing magnetic phase transition, the Ising model, can also be regarded as a binary opinion dynamics model. In fact, in one dimension, it is identical to the well known voter model [24] . The thermal fluctuation here represents the noise or discord in the social interactions.
The Ising model is known to have an exact critical temperature T c = 2.26918 . . . in two dimensions. The state of the agents are σ = ±1, which corresponds to voting for one of the two candidates. Therefore, in this case N v = N . The agents are divided into M = 49 groups (so that each group can be a square) resembling states of the US elections. The imposition of the group identities of the individuals has nothing to do with their interaction probabilities, which remain same for all. The groups have same number of agents but their weightage in calculating the coarse grained values are different. This is to take into account the different numbers of electoral college votes from different states (population variation will give similar fluctuations). In the steady state, the magne- tization will fluctuate about a constant value; above T c , this value is equal to zero. One determines the winner in each group by calculating the number of votes (i.e., the number of spins having σ = +1 and −1) in the group. The overall winner is determined by the weighted average of the winning states for each of the two candidates and not from the individual opinions.
Let the weighted sizes of the individual groups be denoted by C I = k I S (with S = N/M is the group size and k I denotes the weight of the group). Then we look for the quantity
where {up} is the set of groups in which +1 opinion is dominant and in {down}, −1 opinion is dominant. The values of k I are chosen from a distribution. The actual form of distribution does not influence the scaling exponents. We have considered a uniform distribution in [0 : 1] and also the actual sizes of the electoral college votes from different states in the US (see Fig. 4 ), which best matches with an exponential distribution. Finally, the probability (w) of the event where the candidate with less number of total vote wins, is defined as the fraction of times when Q(t)m(t) < 0, with m(t) = i σ i (t) calculated in the steady state of the model. We measure w, the probability for minority win at different temperatures as a function of ∆ that arises from the fluctuations in the system. For T < T c , it vanishes with the system size rapidly, showing that below the critical point, the probability of minority win is essentially zero. For T > T c , however, we find that w shows a data collapse when plotted against ∆/N 0.5 v when T ≫ T c (not shown). This remains true (in the thermodynamic limit) until T ≈ T c , where the scaling behavior changes to a form with α Ising ≃ 0.7. This scaling is the sole result of coarse graining near T c . We show the data collapse for T = 1.03T c in Fig. 5 . One may add that the same scaling form is retained when all the blocks have equal weightages (not shown). However, a distribution of the weights considerably enhances the values of w.
As for comparison with real data, it is found that clearly the results indicate a nonzero probability corresponding to the r αIsing = ∆/N αIsing v values for the years 2000 and 1888 while those for 2016 and 1876 fall in the regime where w obtained from the simulations gives almost zero probability. Before commenting on this we proceed to calculate w for a more realistic model.
Kinetic exchange model (KEM)
One major drawback of the Ising model is the absence of a third state, which can represent non-participation and third party voting. We focus on a kinetic exchange model of opinion formation [23] which allows three different opinions ±1, 0 (so, N v < N here). Here the agents change their opinions based on binary interaction with another one. This is similar to previously explored kinetic exchange models [25] [26] [27] [28] [29] [30] [31] , but in most cases interaction brought opinions closer while in this model the interactions can either bring opinions together or push them further apart, depending on the state of relation between the interacting agents. Particularly, the opinion of the ith individual at time t + 1 is given by o i (t + 1) = o i (t) + µ ij o j (t), where o m ∈ +1, 0, −1 and µ ij The finite size scaling of the minority win probability (w) is shown for the interacting kinetic exchange model for a fully connected or mean-field topology and a two-dimensional topology (data collapsing on two different curves). The simulations for the mean-field graph were done for p = 0.27, which is slightly above the critical value (pc = 0.25) for the transition to non-consensus. The simulations for two-dimensional lattice were done for p = 0.7, which is far from the critical point. The scaling exponent value αR = 0.5 is same as that found in the random assignment case. This highlights the non-existence of spatial correlation in these two cases. As before, the scaled variables for the real data lie far away from where the scaled function has become zero. The inset shows the unscaled data.
can be −1 with probability p and +1 otherwise. There is no summation over j on the second term, as the interactions are between only two agents at a time. The opinions are bounded between the two limits −1 : +1. The bound is the only source of non-linearity in the model. The tuning parameter is the noise p, increase of which signifies enhanced polarization/discord in the society. The behavior of this model, particularly in terms of a global order parameter O(t) = | i o i (t)|/N in the limits of large time and system size N , are well studied [32] [33] [34] . In the case where any agent can interact with any other (mean-field limit), it is known exactly that at noise below p c = 1/4 [23] , the population forms a consensus with either positive or negative opinion dominating. Recently, the model has been studied in finite dimensions also [35] . The associated criticality is found to be Ising like in all cases up to three dimensions. We begin by looking at the mean-field version of the model. The exact critical point in the mean field case is known to be p c = 1/4, making it a simpler option to start with. We proceed as before, now with M = 50 groups and retaining the unequal weightages to the groups. The noise value is kept fixed at p = 0.27. The process of calculating w is exactly the same as in the case of Ising model except that m(t) is now defined as m(t) = . Hence we conclude, spatial fluctuations is an important feature in the model and it is imperative to include it in low dimensions.
While attempting to simulate the KEM in two dimensions, one faces the problem that p c is known only numerically here, p c ≈ 0.13 [35] . This value is obtained with helical boundary conditions, and for periodic boundary conditions that we have followed throughout here, the critical point is p c ≈ 0.11 [36] . Simulating the model far from p c will not retain any effect of the spatial fluctuation, and we will get back the mean-field type exponents (see Fig. 6 ). Therefore, we simulate the model at p = 0.12, which is still above the critical point, to investigate the behavior of w near criticality. In the simulations, we keep the same structure as for the two dimensional Ising model and group the spins spatially into 49 groups and put different weight factor to the groups drawn from the actual list of electoral college vote numbers of different states (and also checked the scaling for a uniform distribution in [0 : 1]).
Once again, w vanishes for p < p c . At high values of p, the minority winning probability shows scaling with ∆/N 0.5 v . But at p = 0.12, which is very close but just above the critical point, one gets again a nontrivial re- are well within the region where w is nonzero, but also 1876 and 2016 are now within the range, predicting finite probability for minority win in all those cases (2016 being right at the boundary). The predictions are better than the two choice case of the Ising model, as we can now include non-participating voters in the model.
C. Coarse-graining as loss of information
The phenomenon of the minority winning is a direct consequence of loss of information due to coarse graining of the system. Here we attempt a formal measure of it.
An important question is the overall probability of a minority win w tot when averaged over the individual probabilities for all values of ∆. This is a measure of how far the result of election can be distorted due to coarsegraining and hence is a measure of the information loss. We find that this probability typically remains zero below the critical point when one of the opinions dominate, rapidly rises beyond it and remains almost constant as the noise increases above the critical point (see Fig. 8 ).
If one takes an average of w for the Ising model over a reasonable range of noise (say from T = 0 to 2T c ) one gets roughly 12% cases where minority win is possible while the prediction from the kinetic exchange model is about 10%. The percentage of the US presidential elections where minority win has occurred till date is ∼ 7% and thus one may expect more such events in future according to the present results.
A more formal measure for the information loss can be formulated with the help of classical information theory. It is a common practice [37] in various biological examples, such as neural firing, to measure the the relative information communicated between an input signal (stimuli) and the corresponding output (neural excitation). A more general notion is to consider the transmission of the signal through a noisy channel [38] .
In the present case, the input series is the time sequence of the sign of majority in the total population in each time step and the output series is the sign of the majority of the corresponding coarse-grained system at those times. Ideally the two series should match at every instant, but the minority win cases are the deviations from that situation. Here we represent the positive sign majority by 1 and negative sign majority by 0. Let the input series (majority sign of N agents) be denoted by N and the output series (majority sign of M electoral college votes) be denoted by M. Then the mutual information (I) transmitted from the input to the output is given by
where
with p(X = i) being the probability of input being i and so on [39] . Then the relative mutual information (R) is calculated as [40, 41] 
which is a measure of the reduction in uncertainty of the input, given the knowledge about the realization of the output, relative to the average uncertainty of the input and output. In Fig. 8(a,c) the R values are plotted against the external noise T /T c and p (p is not scaled by p c since it is not known exactly) respectively for the Ising model and the KEM [10] . Below the critical point, the R is unity, implying that the output is fully predictable given the input. Beyond the critical point, R decreases sharply and tends to its other limiting value zero, where the input and output are completely independent (all information is lost). This signifies the loss of information or unpredictability of the coarse-grained majority in presence of relatively high noise.
IV. DISCUSSIONS AND CONCLUSION
The partitioning of a voting population into smaller groups and then placing 'winner takes all' rule in those groups can result in a situation where the candidate with less number of total votes can win the overall election. A recent example being the Presidential election in the US in 2016. We attempt here to capture the phenomena and and characterize the universal scaling of the probabilities of such events through simple, discrete models of opinion dynamics (see Fig. 1 for a snap-shot of a configuration where minority candidate wins). We have divided our model systems in equal parts, but have placed different weight-factors in each part (state) to account for the unequal representations from each state.
We have provided an estimate for the probabilities of minority win for given values of ∆, the difference between the votes obtained by the two major candidates. In very noisy systems ∆ is small. For such a case, the resultant scaling gives ∆ ∝ N 1/2 v as one would expect in a completely random scenario (see sec. III A). However, such large values of noise are not observed in reality, as N v , though large (∼ 10 8 ), is not infinite. Hence the results well above the critical point cannot explain any of the real data (Fig. 6) .
On the other hand, fluctuations near the critical point in two-dimensional models (both Ising and KEM), significantly affect the scaling, giving ∆ ∝ N α v with α ≈ 0.7 for both the models. Therefore, the finite size scaling is found to be a universal feature of the models with Ising symmetry. Furthermore, the weightage distributions of the blocks do not change the exponent values. We have checked this for both the actual distribution of the electoral college votes from different states in the US and also a uniform distribution in [0 : 1]. The scaling can, therefore, be attributed to the process of coarse graining near the critical point.
Also note that a common trend (see Fig. 2 ) for relatively high values of ∆ is a linear variation with N v . This can be understood from the models as follow: |∆|/N v is basically the order parameter for the Ising model and the KEM. Clearly, when the order parameter value is large, i.e. the system is deep into the ordered state, the order parameter is generally independent of the system size N v , which implies |∆| ∝ N v in this region. The proportionality also implies that the 'information' present in the original system gets fully transmitted. Indeed, the phenomenon of the minority candidate winning can be cast as loss of information due to coarse graining. This is measured in Fig. 8 in terms of the total winning probability of the minority candidate winning w tot and the relative mutual information R between the original and the coarse grained systems. In both cases, the critical point is where the system sharply transits into drastic reduction of information content.
In conclusion, the counter-intuitive but not very rare results of the US presidential elections where the minority candidate won, can be explained in terms of the nonconsensus region of interacting models where noise drives a phase transition and yet does not take the system too far beyond the critical point. The crucial link is through the nontrivial functional form of the minority win probability w(∆) varying as a function of the popular vote margin divided by the scaled voter number ∆/N α v , with 0.5 < α < 1. The effect of non-participation in voting is critical in explaining the real data. The prediction of finite probabilities for minority win implies that such effects should be taken care of in pre-election surveys while predicting the overall winning probability, particularly when the lead is small. SB and PS acknowledge Alexander von Humboldt foundation and Council of Scientific & Industrial Research, Government of India, respectively, for financial supports. The authors also thank Serge Galam and Dietrich Stauffer for their comments and discussions.
